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Abstract 

A characterization of n-dimensional spaces via continuous selections avoid- 
ing Z„-sets is given, and a selection theorem for strongly countable-dimensional 
spaces is established. We apply these results to prove a generalized Ostrand's 
theorem, and to obtain a new alternative proof of the Hurewicz formula. It is 
also shown that our selection theorem yields an easy proof of a Michael's result. 
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1. Introduction 

One of the best characterizations of the covering dimension is given by extensions 
of maps in spheres of Euclidean spaces. Namely, a normal space X has a covering 
dimension dim(X) < n iff for every closed A G X, every continuous map g : A ^ E:"^ 
can be extended to a continuous map f : X ^ S". Here, denotes the n-sphere. 

The parametric version of this fact is provided by the following Michael's selection 
theorem in |T^ (see, also, p7|). 

Theorem 1.1 ( [|18|| ). Let X be a paracompact space, with dim(X) < n, Y be a 
completely metrizable space, and let ip : X ^ •^(^) be an l.s.c. mapping such that 
: X G X} is equi-LC^^^ in Y and each <f{x), x G X, is C"^^. Then, ip has a 
continuous selection. 

Here, J-'{Y) = {S G 2^ : is closed}, where 2^ is the family of all non-empty 
subsets of Y. A set-valued mapping : X — > 2^ is lower semi- continuous, or l.s.c. 



if V9 ^{U) = {x E X : ip{x) n f/ 7^ 0} is open in X for every open U C Y, and a map 
/ : X ^ y is a selection for : X ^ 2^ if f{x) G for every x E X. 



Let m > — 1. A family S of subsets of a space Y is equi-LC"^ in Y |[T^ if, for every 
y E Y and neighbourhood f/ of y, there exists neighbourhood \^ of y such that, for 
every S E S, every continuous image of S'' {k < m) in V (1 S is contractible in U r\S. 
A space S is called if every continuous image of {k < m) in S is contractible 
in S. 

In the present paper we deal with a similar problem but now concerning another 
property of the covering dimension. Towards this end, for spaces X and Y, we use 
C{X, Y) to denote the set of all continuous map from X to Y. Let F be a metrizable 
space, and let us recall that a closed set F C F (possibly empty) is called a 
set in y, n < cu, if the set C(M"',Y\F) is dense in C(B",F) with respect to the 
uniform topology generated by a metric on Y, see and [^. Here, B" denotes the 
n-dimensional closed ball, and u is the first infinite cardinal. Finally, we shall say 
that F is a aZn-set in F if F is a countable union of Z„-subsets of Y . 

The cxZ^-sets are "thin" -subsets with respect to maps from ra-dimensional spaces. 
Namely, a normal space X has a covering dimension dim(X) < n iff for every aZ^-set 
F in B"+\ the set C(X, \ F) is dense in C(X, W+^) with respect to the uniform 
topology, see Our main goal is now to provide a parametric version of the above 
characterization of dim(X) < n. To state it, we need a bit more terminology about 
set-valued mappings. Let V{Y) = 2^ U {0}. To every mapping : X — > V{Y) we 
associate the following subsets of C(X, Y): 

Se£{(j)) = {f E C{X, Y) : f{x) E (f){x) for every x E X}, 

and 



M{(j)) = {f E C{X, Y) : /(x) ^ for every x E X}. 

Also, let us recall that : X T^O^) has a closed graph (respectively, an F^-graph) 
if Graph(0) = {{x,y) E X x Y : y E (f>{x)} is closed (respectively, F^-) in X x F. 

Finally, let us recall that, for a metric space {Y,p), the fine topology on C{X,Y) 
is the topology in which the family of all sets 

V{f, a) = {g E C(X, Y) : p{g{x), f{x)) < a{x) for each x E X}, 

is a local base at / (see [^]), where a runs on the positive continuous functions on 
X. For any space X the fine topology is finer than the uniform one (generated by 
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p), and it does not depend on the metric of Y provided X is normal and countably 
paracompact (for a paracompact X, see [0). 

The following theorem will be proven in this paper. 

Theorem 1.2. Let X be a paracompact space, with dim(X) < n, Y be a completely 
metrizable space, ip : X •^(^) be an l.s.c. mapping such that {ip{x) : x G X} is 
equi-LC^~^ in Y and each (p{x), x G X, is C'"'"^, and let ip '■ X 'PO^) be a mapping 
with an F^r-graph such that ip{x) fl f{x) is a aZn-set in (p{x) for every x G X. Then, 
the set {4')^<Sei{ip) is a dense Gs-subset of Se£{ip) with respect to the fine topology 
on Sei{ip). 

A few words about the paper. Sections 2 and 3 contain the preparation for the 



proof of Theorem which will be finally accomplished in Section 4. The rest of 
the paper is devoted to some possible applications. For instance, in Section 5 we 
obtain a generalization of the classical Ostrand's theorem p3[, see Theorem f).2\ . In 



the same Section 5, we apply Theorem |1.2| to establish some properties of strongly 



countable-dimensional spaces in the terms of the Baire category which are similar 
to some results of E. Pol in and p5|. We also provide an alternative proof of 
the Hurewicz formula that dim(X) < dim / + dim(y), where / : X — > F is a closed 
continuous map and dim / = sup{dim(/~^(y)) : y G Y}, see Theorem 

2. Selections avoiding closed sets 

Let (Y, d) be a metric space. \i S dY and e > 0, then we use B^{S) to denote the 
e -neighbourhood of S in {Y,d), i.e. Bf{S) = {y E Y : d{y,S) < e}. Also, we use 
diamd(S') to denote the diameter of S with respect to d, i.e. the d-diameter of S in Y. 
Now, let us recall that a family S of subsets of Y is d-uniformly equi-LC^ (for some 
n > —1) if for every e > there exists 5{e) > such that, for every S & S, every 
continuous image of a fc-sphere {k < n) in S of (i-diameter < S{e) is contractible over 
a subset of S of d-diameter < e, 



In what follows, for a metrizable space Y, let T>{Y) be the set of all metrics on Y 
compatible with the topology of Y. If d, p E 1^(Y), then we will use p > d to denote 
that p{y, z) > d{y, z) for every y,z eY . 

In this section, we provide a slight generalization of ||18|, Theorem 4.1] constructing 



controlled selections avoiding a given closed set (Theorem p.3| ). To prepare for this 



we need the following improvement in |T^, Lemma 11.2]. 
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Lemma 2.1. Let Y be a completely metrizable space, d G ViY), and let S <Z 2^ 
he d-uniformly equi-LC^. Also, let p G 'DlY) be a complete metric on Y such that 
p > d and S' = S U {Y} is p-uniformly equi-LC^. Then, to every e > and p > 
there corresponds an ri{e) > and X{e,p) > with the following property: If k < n 
and S E S, then every continuous p : S'^ — > B'^^^ ^^{S), with diamrf(p(S'^)) < ri{e), is 
homotopic to a constant map over a subset of Bj^{S) of d-diameter < e. 

Proof. The proof almost repeats that of [0, Lemma 11.2]. Namely, let '^{e) < e 
(respectively, be as in |]18[ Corollary 4.2] (respectively, as in [|18|, Lemma 11.1]) 

applied to S' as a family being p-uniformly equi-LC". Next, let 5{e) < e be as in the 
definition of (i-uniformly equi-LC" of S. Finally, following [jl8|. Lemma 11.2], define 
r]{e) = 5{e/2)/2 and X{e,p) = k(7(^)), where ^ = mm{6{e/2)/A, p}. This works in 
our present situation. Indeed, let k < n, S E S, and let p : Ei^ ^ ^-^{S) be 
continuous such that diamd(j9(S'^)) < ri{e). Then, by [|18|, Lemma 11.1], there exists 
a continuous map q : E>^ ^ S such that p('?(s),p(s)) < 7(^) for every s E S'^. Hence, 
for every Si, S2 G S^, we have 

d{q{si),q{s2)) < d{q{si),p{si)) + d{p{si),p{s2)) + d{p{s2),q{s2)) 

< p{(l{si),p{si)) + d{p{si),p{s2)) + p{p{s2), q{s2)) 

< 7(0 + ^(^)+7(0 

< 5(£/2)/4 + 6{e/2)/2 + (5(£/2)/4 = 6{e/2). 

So, diam(i(g(S'^)) < 6{e/2) and therefore, by hypothesis, there is a homotopy hi of q 
to a constant map over a subset of S of (i-diameter < e/2. Let y:>{s,t) = Y for every 
(s, t) G S*^ X I, where I = [0, 1] denotes the closed unit interval. Also, let g{s, t) = q{s) 
for every (s,t) G x I, while £ : x {0,1} be defined by £|§*= x {0} = p and 
^IS'' X {1} = q. Since p{i{x),g{x)) < 7(0 for every x G §^ x {0, 1}, by [|l|. Corollary 
4.2], i can be extended to a continuous selection /i2 : x I ^ F for such that 
p{h2{x), g{x)) < ^ < p for every x G x I. Thus, we get a homotopy h2 between p 
and q, with h2{S'' x I) c Bj[{S). Finally, define h to be the homotopy obtained by 
combining hi with /i2. Then, h is a homotopy of p with a constant map over a subset 
of BP{S) of d-diameter <e/2 + 2^<e. □ 

For a locally finite simplicial complex M we use |M| to denote the polytope on M, 
and M'^ to denote the k-skeleton of M. Also, for a locally finite cover W of X we denote 
by N{U) the nerve of U, i.e. the simplicial complex Af{U) = {a C W : a 7^ 0}. 

Repeating precisely the proof of [|l^. Lemma 6.1] but now using Lemma ^]T] instead 
of [0, Lemma 11.2], we get the following generalization of |TB|, Lemma 6.1]. 
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Lemma 2.2. Let E be a completely metrizable space, Y G E be a Gs-set, d G V{E), 
and let 5 C 2^ be d-uniformly equi-LC"'. Also, let p G 'P(^) be a complete metric 
such that p > d\Y x Y and S' = S U {Y} is p-uniformly equi-LC^. Then, to every 
£ > there corresponds (3{e) > with the following property: If X is a paracompact 
space, (f : X ^ S is l.s.c, g : X E is a continuous map, with g{x) G B'^^^-^{ip{x)) 
for every x E X, and if p > 0, then there exists a locally finite open cover U of X 
and a continuous u : \N'^^^(U)\ Y such that 

u{\a\) C BP^{^{x)) n Bj{g{x)), for every x e{^a anda E W+^{U). 

We are now ready to prove the promised generahzation of Theorem 4.1]. 

Theorem 2.3. Let M be a completely metrizable space, U d M be an open set, 
d G V{M), and let S C J^{U) be d-uniformly equi-LC^ . Then, for every e > 
there exists //(e) > with the following property: If X is a paracompact space, 
with dim(X) <n + l,ip:X^Sis l.s.c, and g : X M is continuous, with 
g{x) G B'lji^^-^[ip{x)) for every x E X, then if has a continuous selection f such that 
d{f(x),g{x)) < e for every x E X . 

Proof. The proof involves arguments similar to those in [|I8|. Namely, embed (M, d) 
isometrically in a Banach space {E, d), where d is the metric on E generated by the 
norm of E. Next, take an open set Y <Z E such that Y r\ M = U . Then, from one 
hand, S is d-uniformly equi-LC" as a family of subsets of Y . From another hand, 
5' = iS U {Y} is equi-LC" in Y because Y is an open subset of a Banach space. 
Since Y is completely metrizable, there exists a complete metric d E T>{Y) such that 
d > d\Y X Y . Therefore, by []TB|, Proposition 2.1], there also exists a metric p E T>{Y) 
such that p > d and S' is p-uniformly equi-LC". In particular, p is a complete metric 
in Y and p > d\Y x Y. Let 7(e) be as in [IIB], Theorem 4.1] applied to S' as a family 



which is p-uniformly equi-LC" in Y. Also, let (3{e) be as in Lemma |2]^ applied to 
d E V{E), S C 2^, and p G V{Y). Then, take iy{e) = (3{e/2), and let us check that 
this works. So, let ip : X —> S he l.s.c, and let (7 : X — > M be continuous such 
that g{x) E B^^^^^-^{ip{x)) for every x E X. Note that 5^ as a map from X to E has 
the same properties because (M, rf) is embedded isometrically in {E,d). Hence, by 
Lemma applied with p = '~f{e/2), there now exists a locally finite open cover U 
of X and a continuous u : \Af"''^^{U)\ — > Y such that 

(1) u{\a\) C n B^/M^)), for every x G fl^ and a G ^^+\U). 

Since dim(X) < n + 1, there also exists an open cover {Vu : U ElA} oi X such that 
Vu E U for every U ElA, and 

(2) {U eU :x eVu} eW+\U), for every a; G X. 
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Finally, take a partition of unity {^u : U G U} index-subordinated to the cover 
{Vu : U G U} of X. Then, hj(^,k = uo^: X—>-Y defines a continuous map, 
where ^ : X ^ \Af(U)\ is the canonical map ^(x) = J2{^u{x) ■ U : U eU}, x E X. 
According to ([l|) and (||), this map has also the property that 

k{x) G B'^^^^^^{ip{x)) n 5,^/2 (^(x)), for every x G X. 

Then, by |18|, Theorem 4.1], there exists a continuous selection / for such that 
k{x)) < e/2 for every x E X. Since p > d\Y x F, this finally implies that, for 
every x G X, 

d{f{x),g{x)) < d{f{x),k{x)) + d{k{x),g{x)) 

< p{f{x),k{x)) + d{k{x),g{x)) 

< e/2 + e/2 = e, 

which completes the proof. □ 



Theorem |2.3| has some interesting consequences. One of them is related to the 
requirement in [|TB|, Theorem 4.1] the family S C ^(Y) to be (i-uniformly equi-LC" 
with respect to a complete metric d G 'DlY). Namely, by taking U = M in Theorem 



273| , we have the following immediate result. 



Corollary 2.4. Let X be a paracompact space, with dim(X) < n + 1, Y be a 
completely metrizable space, d G V{Y), and let S C J^{Y) be d-uniformly equi-LC"^. 
Then, for every e > there exists //(e) > with the following property: If : X —>■ S 
is l.s.c. and g : X ^ Y is continuous, with g{x) G B'^f^^^{ip{x)) for every x G X, then 
ip has a continuous selection f such that d{f{x), g{x)) < e for every x G X. 

In our next consequence, a function : X M is lower semi- continuous if the 
set {x G X : fi{x) > r} is open in X for every r G M. 

Corollary 2.5. Let M be a completely metrizable space, U d M be an open set, 
d G V{M), and let T C J^{U) be d-uniformly equi-LC^. Then, for every para- 
compact space X, with dim(X) < n + 1, and every lower semi-continuous function 
/i : X — > (0, +00) there exists a continuous function a : X ^ (0, +00) with the 
following property: If ip : X ^ T is l.s.c. and g : X ^ M is continuous, with 
g{x) G B^(^^-^{^{x)) for every x G X, then there exists a continuous selection f for ip 
such that d{f{x),g{x)) < fj,{x) for every x G X. 
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Proof. The proof follows an idea in |TB, Proof that Theorem 4.1 implies Theorem 
1.3]. Namely, let X and /i be as in the hypotheses. Then, 

(3) Vi = {xeX: fx{x) > i G N, 

defines an open increasing cover of X because /i is lower semi- continuous. Since 
X is paracompact (hence, normal and countably paracompact as well), there exists 
another open cover {Wi : i ^N} of X such that 

(4) WiCViC] Wi+i, for every i E N. 

Next, for every e > 0, let ule) < e be as in Theorem |2.3| applied to the family 
S = T U {{y} : y E U}. Define a decreasing function rj : N ^ {0, +oo) by letting for 
i e N that 

(5) 77(2) = min ( - ) ■ ^ \ ) ] : 1 < J < ^ 



J J VJ + l, 

Now, for every x G X, let i{x) = min{i G N : x G VFj}. Then, define a function 
p:X^ (0,+cx)) by 

(6) (3{x) = viiix)), xeX. 

Note that /3 is lower semi-continuous. Indeed, if x G VFj(xo) ^^i some point Xq G X, 
then i{x) < i(xo) implies /3(x) = rj{i{x)) > r]{i{xo)) = /3(xo). Since X is paracompact, 
by a result of (see, also, [0, [1^), there exists a continuous function a : X — » (0, +00) 
such that a{x) < /5(x) for every x G X. This a is as required. Indeed, take an l.s.c. 
(p : X T and a continuous (7 : X — > M with d{g{x), f{x)) < a{x) < /3(x) for every 
X G X. Also, let Ao = 0, and Ai =Wi\Wi for every i G N. Then, each Ai is a 
paracompact space as a closed subset of X, and dim(y4j) < n + 1. On the other hand, 
X E Ai implies x ^ Wi, so i{x) > i. Therefore, by (|^) and (H), we now get that 

digix), ifix)) < /3(x) = r]itix)) < r/(z) < z/(z/(lA) ■ z/(l/(2 + 1))). 

Hence, by Theorem p.3| , each has a continuous selection hi : A^ U with 

(7) d{hi{x),g{x)) < ■ + 1)), for every x E Ai and i G N. 

Let Bi = Ai_i U Ai and Xj = for every i E N, where Wq = 0. Next, define 

ki : Bi ^ U hj k\Aj = hj, j = i — 1, i. Finally, define (f : Xi ^ S hj ip{x) = {^^(x)} 
if X G -Bj and (^j(x) = if{x) otherwise. By [|l^. Example 1.3*], each ifi is l.s.c. Then, 
by (|^ and Theorem |2.3| , each ipi has a continuous selection fi : Xi ^ U such that 
d{fi{x), g{x)) < l/i for every x G Xj. In fact, /j is a continuous extension of hi. Since, 
by (|), Xi n Xj+i = Ai, while fi\Ai = hi = fi+i\Ai, we may now define / : X ^ F by 
f\Xi = fi. Clearly, / is a continuous selection for ip and, by (^ and (^), x G Xj C Vi 
implies d{f{x),g{x)) = d{fi{x), g{x)) < l/i < /i(x). □ 
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3. A construction of set-valued mappings 

In this section, we continue the preparation for the proof of Theorem involving 
a construction of [^. Namely, let (Y,d) be a metric space, ip : X ^ "PiX) be a 
mapping with a closed graph, and let = {X x y) \ Graph(-?/'). Then, for every 
{x,y) G M^, we consider the set A{x,y) of all 6 G (0,1] for which there exists a 
neighbourhood Us of x such that Us x Bf{y) C M^. Note that A(x, ?/) 7^ for every 
(x, ?/) G M^. Now, we define a map m : X x F — ^ I by letting for (x, ?/) G X x F that 



u{x,y) 



supA(x,?/), if (x,y)GM^, 
0, otherwise. 



The following properties of u were actually demonstrated in pO| , Lemma 3.1]. 

Proposition 3.1 ( ||20[ | ) . Let {Y, d) he a metric space, ip : X 'PO^) be a mapping 
with a closed graph, and let u : X x Y ^ I be dehned as in (P) . Then, 

(a) u is a lower semi-continuous function. 

(b) \u{x, yi) - u{x, y2)\ < d{yi, ^2) for every x e X and yi, y2 G Y. 

Proof. Our situation is slightly different from that in Lemma 3.1], so we provide 
some arguments to the proof. Since u{x,y) > for every {x,y) G X x F, to show 
(a), it suffices to consider only the points of M^. To this end, we repeat precisely the 
arguments in |]12|, Lemma 2.1]. Namely, take a point (xo,?/o) G and a G I, with 
a < u{xo,yo). Then, there exists Sq G (a, m(xo, 1/0)] and a neighbourhood Uq of Xq 
such that Uq x i?|^(?/o) C M^. Let p = {Sq — a)/2 and 6 = a + p. It now follows that 
6 G A{x,y) for every {x,y) E Uq x B'^^yo) because 

Uo X Bi{y) cUoX B^^^iyo) C Uo x B^yo) C M^, (x, y) e Uo x B^yo). 

Hence, in particular, u{x,y) > 6 > a for every (x,y) & Uo x B^^yo). 

The statement in (b) is the same as in [^, Lemma 3.1]. □ 

We are now ready to state the main result of this section which is an analogue to 



20| , Lemma 3.3]. 



Theorem 3.2. Let X be a space, {Y, d) be a complete metric space, ip : X ^0^) 
he l.s.c, with {^{x) : x G X} d-uniformly equi-LC^~^ , and let ip : X 'PO^) be 
a mapping with a closed graph such that ip{x) fl ^{x) is a aZn-set in f{x) for every 
X G X. Dehne another set-valued mapping $ : X ^ 2^^^'^'^^ by 

$(x) = {{y,t) e Y X [0,1] : y e ip{x) \ ^/'(x) and t G (0, u{x, y)]}, x G X. 

Then: 
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(a) $ is l.s.c. 

(b) $(x) is a non-empty closed subset ofYx (0, 1], for every x G X. 

(c) The family {$(x) : x G X} is c? x e-uniformly equi-LC""^^ , where dxe is the box 
metric d x e((yi,ti), (1/2,^2)) = niax{(i(|/i, 1/2), e(ti, t2)} on F x (0, 1] generated 
by d and the Euclidean metric e on (0, 1]. 

To prepare for the proof of Theorem ^]2| we need the following simple observations 
about Z^-sets in complete metric spaces, the first of which is well-known. 

Lemma 3.3. Let Y be a completely metrizable space, and let T G Y be closed. 
Then, T is a aZn-set in Y if and only if it is a Z^-set in Y . 

Proposition 3.4. Let {Y, d) be a complete metric space, S C J^{Y) be d-uniformly 
equi-LC"~^, and let {Zs C S : S & S} be a family of closed sets in Y such that each 
Zs is a Zn-set in S, S & S. Then, {S\ Zs S & S} is also d-uniformly equi-LC"-^^ . 

Proof. In case n = the proof is trivial. So, we suppose that n > 1. Let 6{e) < e 
be as in the definition of c?- uniformly equi-LC"~^ of S. We are going to show that 
{S \ Zs S & S} is (i-uniformly equi-LC"~^ with respect to 6{e/3). Take e > 0, 
S & S, and a continuous map p : E>"^ ^ S \ Zs (for some < m < n — 1) such that 
diamrf(p(§™)) < S{e/3). Let 

Cone(§") = {(1 - t) ■ ?9 + t ■ s : (s, t) G S*" X 1} 

be the cone of with a vertex Also, take an a G (0, 1), and consider the copy 

Cone„(§'") = {{1 -t) ■ ^ + t ■ s : {s,t) eS"" X [0,a]} 

of the cone Cone(§™). Whenever t > 0, for convenience, let = x {t} be the 
corresponding copy of in Cone(S'"). Then, according to the properties of 6{6/3), 
there exists a continuous q : Conea(S™) — >• S such that 

(9) g|§^ = p and diamrf(g(Cone„(§™))) < |. 

Let £1 G {0,e/6] be such that Bg^ipiS"")) n = 0. Next, let 7(51) < ei be 
as in Corollary 4.2] applied to the family S. Since Zs is a Z„-set in S, the 
set C {ConeaiS"^) , S \ Zs) is dense in C(Conea(S"^), 5*) with respect to the uniform 
topology. Therefore, there exists a continuous i : Conea(S™') ^ S \ Zs such that 

(10) d{e{x),q{x)) < 7(£i), X G Cone„(§'^). 
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For later use, let us observe that, by (^, this implies 

(11) diamd(£(Cone,(§™))) < 27(51) + diam,(g(Cone,(§™))) < ^ + | = ^. 

6 6 

Define now a map k : Cone(§™) S hj letting for every (s, t) G x I that 
k{{l-t)-^ + t- s) : 



i{{l-t) ■^ + t- s), if t<a, 
— a) ■ + a ■ s), otherwise. 



Also, define another map g : Conea(§™) US^^ ^ 5 by ^|Conea(§™) = £, and g\ST = p. 
Then, by (D and (|10D, d{g{x),k{x)) < 7(51) for every x e Conea(§'") U W^. So, by 
|T^, Corollary 4.2] (with (f{x) = S for every x G Cone(S'^)), there exists a continuous 
/i : Cone(§"^) 5 such that 

(12) /i|Conea(§™) = £, /i|§™ = p, and (i(/i(x), A;(x)) < ei, x G Cone(§'"). 

Clearly, is a homotopy connecting p and a constant map. Moreover, by ([Tl|) and 
(0), 

diamd(/i(Cone(§™))) < 2ei + diamrf(£(Cone„(§™))) <— + — = e. 

6 3 

On the other hand, by (^ and ([T0|), 

/i(Cone(§™) \ Conea(§"')) C 5,^^(A;(Cone(§") \ Cone,(§™))) 



Since, by ([TD, /i(Conea(S"^)) = £(Conea(S'")) C S \ Zs, this finally implies that 
h{Cone{E>"^)) G S \ Zs which completes the proof. □ 

Proof of Theorem |3.2| . Let X, {Y, d), ip and be as in that theorem. The state- 
ments of (a) and (b) were established in [^, Lemma 3.3], so we prove only (c). 
According to Lemma |3.3| and Proposition |3]^, the family T = {^{x) \ iplx) : x G X} 
is d-uniformly equi-LC"~^. Then, let 6{e) be as in the definition of d-uniformly 
equi-LC"~^ of T. We are going to show that {$(x) : x G X} is x e-uniformly 
equi-LC"~^ with respect to 6{e/2). So, take an £ > 0, a point x E X, and a 
continuous map p : S'^ $(a;) for some k, with < k < n — 1, such that 
diamdxe(p(S'')) < S{e/2). Also, let tti : y x (0, 1] ^ F and 112 : Y x (0, 1] ^ (0, 1] be 
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the corresponding projections. Then, pi = tti o p : S'^ ^ \ il){x) is a continuous 
map, with diamrf(pi(S'^)) < 5{e/2). Hence, pi can be extended to a continuous map 
Qi : M'^^^ — > (p{x) \ il>{x) such that /i = diamrf(gi(B^+^)) < e/2 < e. In the same 
way, p2 = o p : S'^ — i> (0,1] is a continuous map, with diame(p2(S"^^)) < 5{e/2). 
According to the definition of we now have that P2{s) < for every 

s G Fix an arbitrary point sq G 'S^ . Then, by Proposition |3.1| , we have that 

\u{x,qi{h))-u{x,qi{so))\ < d{qi{b), qi{so)) < < |, beM''^\ 

Hence, B''^{p2{so)) n (0, u(a;, gi(6))] 7^ 0, 6 G B''+\ because ^2(^0) < u{x,pi{sq)) = 
u{x,qi{so))- Since, by Proposition |3.1|, u{x,qi{b)), b G 18*''+^, is a continuous map, we 
may now define an Ls.c. mapping 6 : B'^+^ —>■ J-'{{0, 1]) by 

e{b) = B^^{p2{so))n{0,u{x,qM)f''\ beM'+\ 

Then, by ^7\, Theorem 3.2"], 9 has a continuous selection q2 : B*^"*"^ — > (0, 1] because 9 
is convex-valued. Note that q2 is an extension of p2 such that e{q2{b), q2{so)) < /i for 
every b G B'^"'"^, i.e. diame(g2(lB'^'''^)) < 2/i < e. Then, the diagonal map q = qiAq2 : 
]gfc+i _^ <|)(a;) is an extension of p, with diamdxe(?(lB'^"^^)) < e. □ 



4. Proof of Theorem [TT21 



We finalize the preparation for the proof of Theorem |1.2| with the following result 
which may have an independent interest. 

Theorem 4.1. Let X be paracompact, with dim(X) < n, Y be a completely metriz- 
able space, ip : X •^(^) be l.s.c. such that {f{x) : x G X} is equi-LC"^~^ , and 
let ip : X ^ V(Y) be a mapping with a closed graph such that ipi^x) fl ^{x) is a 
aZn-set in (p{x) for every x G X. Also, let f be a continuous selection for ip, and 
let /i G C{X, (0, +00)). Then for every p G T>(Y), the mapping ip has a continuous 
selection g such that g{x) ^ ip{x) and p{g{x), f{x)) < fi{x) for every x E X . 

Proof. Let p G V{Y), and let d G be a complete metric, with d > p. Then, 

by [|18|, Proposition 2.1] (see, also, f^. Theorem 1]), there exists another complete 
metric d G 'P(^) such that S = {ipix) : x G X} is (i-uniformly equi-LC"~^ and 
d > d > p. Now, let M : X X y — > I be defined as in (pi) using the metric d, and 



let $ : X — s> jF(y X (0, 1]) be defined as in Theorem |3]^. By Proposition 3J-, the 
function r : X — > I, defined by r(x) = u{x,f{x)), x G X, is lower semi-continuous. 
Since X is normal, there now exists a continuous function w : X — > I such that 
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v{x) < r(x), X G X, see |]TU|. Note that the diagonal map i = fAv : X ^ Y xl is a 



selection for the closure of i.e. i{x) G ^{x) for every x G X. Thus, in particular, 
i(x) G B'^'^^-^{^{x)), X e X, for every a G C(X, (0, +cx))). On the other hand, by 
Theorem |3.2| , the family {$(a;) : x G X} is d x e-uniformly equi-LC"~^. Hence, by 
Corollary |2.5| , $ has a continuous selection p : X ^ Y x [0,1] such that d x e-distance 
in y X I between the points p{x) and i{x) is less than for every x G X (recall 
that Fx (0, 1] is open in F x I). Then, = vri o p : X — > F is as required, where 
TTi : F X (0, 1] — s> y is the projection. □ 



By Theorem 4.1 we have the following consequence. 



Corollary 4.2. Let X be paracompact, with dim(X) < n, Y be a completely metriz- 
able space, ip : X ^ ^(X) be l.s.c. such that {(p{x) : x G X} is equi-LC^~^ and each 
(p{x) is C^~^, X G X, and let ip : X ^ T^O^) be a mapping with a closed graph 
such that %l){x) fl ^^(x) is a aZn-set in (y9(x) for every x G X. Then, the set Sei{ip) of 
all continuous selections for (p, endowed with the hne topology, is a Baire space and 
A4{ip) n Se£{ip) = {/ G Sei{ip) : /(x) ^ ■ip{x) for every x G X} is open and dense in 
5e%). 

Proof. Take a complete bounded metric d G T>(Y). Every subset of C{X, Y) which 
is closed with respect to the uniform topology generated by is a Baire space in the 



fine topology, see |T^, Lemma 3.2]. Obviously, Sei{(p) is uniformly closed in C{X,Y) 
with respect to d, so it has the Baire property. Let us show that Ai{ip)nSei{(p) is open 
in Se£{Lp) (note that, by p|. Theorem 1.2] and Theorem |4l|, M{ij) n Sei{Lp) 0). 



Take an / G A^(^) n Sei{ip), and let m : X x F ^ I be as in (g). Then, by 
Proposition |3.1|, //(x) = m(x, /(x)), x G X, defines a lower semi-continuous function 
1] : X ^ (0, -|-cxd). Hence, by |^, [T^, there exists an a G C(X, (0, +cxd)), with 
a(x) < //(x) for every x G X. Therefore V{f,a) D Sei{ip) C Ai{ip) fl Sei{(p), so 
M{ip) n Sei{(p) is open in Se£{ip). That Mii!) fl Sei{ip) C Se£{ip) is dense, it follows 
by Theorem [4.1|. □ 



Now, we complete the proof of Theorem \L.2\ in the following way. Let X, Y, (p 
and ijj be as in that theorem. Since Graph(-?/') is an Fo--subset of X x y, there are 
mappings ipk '■ X ^ 'PiX)^ k E N, such that each ipk, k E N, has a closed graph and 
iP(x) = {Jii^kix) : keN}. Then, by Corollary |3, each set M{ipk) n Sei{(p), k eN, 
is open and dense in Se£{ip) with respect to the fine topology, while Se£{ip) is a Baire 
space. Therefore, Ai{ip) nSei{(p) = f]{J^{ipk) nSei^ip) : G N} is a dense G^-subset 
of Sei{ip) which completes the proof. 
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Remark. It should be mentioned that Theorem |T]^ might be compare with [T^ 



Lemma 3.2] (see, also, [0, Theorem 3.1]) which works in the special case of a convex- 
valued if and a continuous if). In fact, one of the main goals of Theorem |1.2| is to 
avoid the assumption on to be convex-valued. Namely, in case F is a Banach space 



and ip is convex- valued. Theorem |1.2| has a relative shorter proof based either on the 
technique developed in |20| or on that stated in |12]. Despite of that, in both cases 
the proof will rely on some results of 
arguments simpler. 



18| , hence will not make the corresponding 



20 



We complete this section showing that the following result of E. Michael 
Theorem 5.2] can be derived from our Theorem |1.2| . In what follows, for a linear 
topological space F, we let TciY) = {S* G J-'{Y) : S is convex}. 



Theorem 4.3. Let X be a paracompact space, Y be a Banach space, (p : X ^ ^cO^) 
be l.s.c, and let ipn '■ ^ 'PO^)j n E N, be a sequence of mappings such that each 
ipn has a closed graph and dim(X) < dim(<^(x)) — dim(conv('i/'n(a;) H (p{x))) for every 
X E X . Then ip has a continuous selection f such that f{x) ^ [j{ipn{x) : n E N} for 
every x E X. 



Proof. Suppose that dim(X) = m. To apply Theorem p..2| , it suffices to check that, 
in this situation, V'n(a^) H (p{x) is a Z^-set in p>{x) for all a; G X and n E N. To this 
end, observe that, by [0, Lemma 2.1], the sets ip{x)\ipn{x) are C"^~^ and, obviously, 
they are LC"^~^ because each (p{x) is convex. Moreover, if V is an open ball in (fix), 
then 



m + dim(conv(-?/'„(a;) (IV)) < dim(V") for every n eN. 

Hence, again by Lemma 2.1], V\ipn{x) is C""~^. Then, according to Theorem 
2.8 and Corollary 3.3], each '?/'„(x) fl f^x) is a Z^-set in (p{x). □ 



5. Strongly countable-dimensional spaces and selections 

In this section we provide some applications of Theorem related to strongly 
countable- dimensional spaces (i.e, spaces which are a countable union of closed finite- 
dimensional subspaces). Our first result is a possible selection analogue of a result 
established by E. Pol |2|, Corollary 4.4]. 

Theorem 5.1. Let X„, n < uj, be closed subsets of a paracompact space X , with 
dim(X„) < n, Y be a countable product of Banach spaces, ip : X ^dX) be an 
l.s.c. mapping, and let X 'P(X)j n < uj, be a sequence of mappings such that 
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each ipn has an F„-graph and ipn{x) H ip{x) is a aZn-set in ip{x) for every x G X„ and 
n < oj. Then, the set {/ G Sei{(p) : G A^('?/'„|X„) for every n < uj} is a dense 

Gs-set in Se£{ip) equipped with the fine topology. 



Proof. By Theorem |L^, each Ai{ipn\Xn) H Se£{(p\Xn), n < cu, is a dense G^-subset 
in Sei{ip\Xn) with respect the fine topology. Let 7r„: Sei{ip) — >• Sei{ip\Xn) be the 
map defined by 7r„(/) = /|X„, / G Sei{ip). Note that each 7r„, n < a;, is continuous 
when both Sei{ip) and iSe£(</9|X„) are equipped with the fine topology. Moreover, 7r„ 
is surjective because every partial selection for ip\Xn can be extended to a selection 
for ip (see the proof of [|l^, Theorem 3.2"], also l2^). Let us observe that each 7r„, 
n < u;, is an open map as well. Towards this end, take a convex metric p on Y 
which is possible because y is a metrizable locally convex topological vector space, 
see |T^. Now, it suffices to show that 7r„(V(/, a) fl Sei{(p)) is open in Sei{ip\Xn) 
for every / G Sei{(p) and a G C{X, (0,oo)). Let h G 7r„(\/(/,a) n Sei{ip)). Then, 
h = g\Xn for some g G V{f,a) fl Sei{ip). Let = (a;(x) — p{f{x),g{x))) /2 and 
= p{f{x),g{x)) + S{x), X G X. We are going to show that 

Vih, 6) n Seiiip\Xn) C 7r„(V(/, «) n 5e£((^)). 

Indeed, for every i G V{h,6) fl 5e£(v9|X„) we have p{i{x),f{x)) < l3{x), x G X„. 
So, we may define an l.s.c. mapping 0: X — > J-'c{E) by 0(a;) = {^(a;)} if a; G X„ 
and = (1 Bj^^^^^f (x)) otherwise. By the proof of Theorem 3.2"] (see, 
also, 4> has a continuous selection q. Then g G l^(/, a) fl &£(</?) and i = Hn^q). 

Therefore, V{h, 6) fl Se£{ip\Xn) is a neighborhood of /i in 7r„(V(/, a) fl iSe£(v9)). 

We finally accomphsh the proof as follows. Since each Vn = A4{4'\Xn)f^<Sei{ip\Xn), 
77, < a;, is a dense G^-set in Sei{ip\Xn) and 7r„ is continuous and open, f/„ = vr~^(V^) 
is dense and Gs in Se£{ip). Hence, the set {/ G Sei{ip) : /|X„ G J^{ip\Xn), n < cu}, 
being the intersection of all t/^'s, is also dense and Gs in Sel{ip). □ 

Another application of our selection theorems is the following "strongly countable- 
dimensional" analogue of Ostrand's theorem [^, see also [Tl|. 



Theorem 5.2. For a normal space X and closed subsets X„, n < u, the following 
are equivalent: 

(a) dim(X„) < n, n < uo. 

(b) For every sequence {7„ : n < u} of locally hnite open covers of X there is a 
sequence {pn : n < uj} of discrete open families in X such that for each n < uj 
we have: 

(i) pn refines 7„, 
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(ii) the union of any n + 1 families of the sequence {fi^ '■ k < u} constitutes a 
cover of X„. 

Proof, (a) (b). We follow the proof of |^D|, Theorem 1.3, implication ^2 => C] 
and [1^, Theorem 1.1, implication (c) =^ (a)]. Take a sequence {7„ : n < u} of 
locally finite open covers of X. We are going to prove that there exists a sequence 
{fin : ^ < u;} of locally finite disjoint families of open sets in X such that each 
n < uj, refines 7„ and the union of any + 1 of them is a cover of X„. To this end, 
T^ , Theorem 1.1, (c) =^ (a)], for every n, fix a metric space {Mn,dn) and a 



as m 



continuous map fn '■ X ^ Mn such that {fn^{B2"{z)) : z G M„} is an open cover 
of X refining 7„, and dn{z,t) < 3 for G M„. Next, consider the disjoint union 
M = \_\{Mn : n < uj} oi these spaces M„, and let d be the metric on M defined as 
d\ {Mn X Mn) = dn, and d{z, t) = 3 provided z e Mi, t e Mj and i ^ j. Embed (M, d) 
isometrically into a Banach space {E,d), where d is the metric on E generated by 
the norm ||.|| of E. Let / = A{/„ : n < cu} : X ^ E^, and let (3f: (3X ^ (3{E^) be 
the corresponding Cech-Stone extension. Consider the space H = {Pf)^^{E'^), the 
closure if„ of each set X„ in H, and the map h: H ^ E^ defined hy h = {f3f)\H. 
Then H is paracompact and dim(if„) = dim(X„) < n for every n. Moreover, h is 
generated by a sequence of maps hn'- H ^ E, n < u, such that each hn extends /„ . 
For every n < u, define an l.s.c. mapping ipn : H ^ J^c{E) by ipn{x) = Bf{hn{x)), 
X E H. Next, define another mapping ip: H ^ J^^E'^) by ip{x) = Y[{'^n{x) : n < u}, 
X E H . It is easily seen that is l.s.c. 

As in the proof in pO| , Theorem 1.3] (implication 5*2 ^ C), we now fix a closed 
nowhere dense set A (Z E such that the family A of all components of E\A consists 
of disjoint open cells of diameter < 1 and, for every n < u, the family g~^{X) refines 
7„ provided g: X ^ E is a map with d{fn{x), g{x)) < 1 for all x G X. Whenever 
n < UJ, let Qn = {P G UJ : \P\ = n + 1} and, for every P G Qn, let -^{i,p) = A if i E P 
and -F(i,p) = E otherwise. Finally, set Fp = Y[{E{i,P) '■ ^ < Then each Fp fl '{){x) 
is, in fact, the following (possibly empty) product 

n n Bi{h{x)) : ^ G P} X J] {BfU,{x)) ■.ieuj\p]. 



On the other hand, each set A fl Bi(fi{x)), i < uj, is closed and nowhere dense 
in Bi{fi{x)). Therefore, by [0, Corollary 2], for every n < uj and P G the 

product n ^ Bi{fi{x)) : i G P| is a Z„-set in Hlv^ila^) ■ i G P}, x e H. The 
last yields that Fp fl tp{x) is a Z„-set in ^p{x) for all x G if, n < c<j and P G 
We may now apply Theorem |5.1| (with X replaced by H, X„ by Y by E'^ and 
if'nix) = Fn = [j{Fp : P G fin}, X E H) to obtain a continuous selection g : H —> E'^ 
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for (y9 such that g{Hn) fl = 0, < tu. Let g = A{gn : n < u}, where each gn 
is a continuous map from H into E. Then, d{fn,{x) , gn{x)) < 1 for all x ^ H and 
n < uj. Hence, according to the properties of the set A, fj,n = 5'^^(A) fl X is a disjoint 
open family in X refining 7„. We can assume that each /i„ is an index refinement of 
7n, in particular, locally finite. It remains to show that for every n and D & Qn the 
corresponding family {/Xj : i G D} is a cover of X„. This easily follows from the fact 
that Ff) C Fn and g{Xn), being a subset of g{Hn), avoids the set 

(b) =^ (a). The implication follows directly. For a fixed n, let a be a finite open 
(in X) cover of X„. To prove that dim(X„) < n, we need to find a finite open cover 
A of Xn refining a and such that any n + 2 elements of A have an empty intersection. 
To this end, let 7 = a U {X\X„}. Then there exists a sequence {/Xfc : k < u} of 
disjoint, open and locally finite families in X such that each fij, refines 7 and any 
n + 1 of them constitute a cover of X„. We can suppose that every /z^ is an index 
refinement of 7, in particular, finite. Set A^ = {U E fik : U H X„ 7^ 0}, k < oj. Then 
A = U{Afc : < /c < n} is as required. □ 

By taking X„ = X, n < cj, in Theorem p.2| we now get the following "finite- 
dimensional" generalization of the Ostrand's theorem (recall that Ostrand originally 
proved his theorem for finite-dimensional spaces). 

Corollary 5.3. For a normal space X and n < uj the following are equivalent: 

(a) dim(X) < n. 

(b) For every sequence {7^ : k < uj} of locally finite open covers of X tliere is a 
sequence {/ifc : k < u} of discrete open families in X such that each fi^, k < u, 
re&nes ■jk s.nd the union of any n + 1 elements of the sequence {fik k < u} 
constitutes a cover of X. 

6. Closed maps and selections 

Let M be a metrizable space. We will use the term distance for a possibly infinite- 
valued function ci : M x M — > [0, +00] which satisfies the axioms of a metric on M. 
So, let T>oo{M) denote the set of all distances on M which are compatible with the 
topology of M. Then, to every d G Voo{M) and every positive real number r G M 
we may associate a metric dr G V[M) on M defined by dr{x,y) = mm{r,d{x,y)}, 
X, 1/ G M. Now, we shall say that d G Voo{M) has a property V if dr has V for every 
r > 0. For instance, completeness is such a property V. 
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Here is a natural example of distances we will deal with. Let X be a space, and 
let (Y, d) be a metric space. In what follows, we will rely on the uniform topology on 
C(X,Y) generated by the distance 

d{f,g) = snp{d{f{x),g{x)) : x e X}, f,ge C{X,Y). 

Note that dr{f,g) = sup {dr { f (x) , g{x)) : x G X}, whenever r > 0. Thus, {C{X,Y), d) 
is complete if d is a complete metric on Y (see, for instance, Chapter XII]). Con- 
cerning maps i : Z ^ C{X, Y), let us agree to denote by i[z] G C{X, Y) the value of 
£ in a particular point z & Z. 

Throughout this section, to every surjective map f : X ^ Y and a set- valued map- 
ping if : X ^ 2^ we associate another set-valued mapping A(j^^) : Y V{C{X, E)) 
defined by 

^UAV) = {9^ C{X,E) : g\f-\y) G Sei{^\f-\y))}, y eY. 

Also, let us recall that a subset A of a space X is P-embedded in X if every continuous 
map g : A ^ E into a Banach space E is continuously extendable over X, see 
^ Finally, by a Banach space {E, d) we mean a Banach space E and a 



metric d generated by the norm of E. 

Theorem 6.1. Let X and Y he a spaces, and let f : X ^ Y be a continuous closed 
surjection such that each f~^{y), y eY, is paracompact and P-embedded in X. Also, 
let {E, d) be a Banach space and : X —>■ J-'c{E) be an l.s.c. mapping. Then, ^(j,^) 
is an l.s.c. mapping from Y with values in J-'c{C{X, E)) provided C{X, E) is endowed 
with the uniform topology generated by the distance d. Moreover, if i is a continuous 
selection for A(/^<^), then g{x) = i[f{x)]{x), x E X, defines a continuous selection 
for if. 



Proof. Note that, by ||T^ Theorem 3.2"], Se^{if\f~^{y)) 7^ for every y eY because 
each f~^{y) is paracompact. Hence, A(j_^)(?/) 7^ for every y eY because each f~^{y) 
is P-embedded in X. Thus, A(j,^) : Y jFc(C(X, E)) because : X — > J^^E). 

To show that A(/^^) is l.s.c. take a point yo G A^j^^~^{Bf{go)), where go G A(/^<^)(?/o) 
and e > 0. It suffices to find a neighborhood of j/o in ^ which is contained in 
A-]^^{Bf{go)). Since 

V = {x e X : d{go{x), (f{x)) < 6/2} 

is a neighbourhood of f~^{yo) and / is closed, there exists of a neighbourhood U of 
yo, with f~^{U) C V. Let show that U C A~j^~^{Bf{go)). Indeed, take an y e U 
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and define an l.s.c. mapping $ : / ^{y) — > J^c{E) by = B^^^idoi^)) ^ 

X G f~^{y)- Then, by [|l^, Theorem 3.2"], $ has a continuous selection h. Thus, 



^\f^^{y) has a continuous selection /i, with d{h, go\f^^{y)) < e/2 < e. 

Claim 1. There exists a continuous extension g:X^Eofh such that d{g, qq) < e. 

In order to show our claim, we first extend /i to a continuous map gi : X ^ E 
which is possible because f~^{y) is P-embedded in X. Next, let us observe that 
Z = {x e X : d{go{x),gi{x)) > 2e/3} is a zero-set of X, with Z n f'^iy) = 0. 
Since f^^iy) is P-embedded, by [|, Corollary 3.6.B], there now exists a continuous 
function 7] : X ^ 1 such that f^^{y) C '7~^(0) and Z C //"^(l). Finally, we may 
define g : X ^ E hj g{x) = rj{x) ■ go{x) -|- (1 — ri{x)) ■ gi{x), x E X. This g is as 
required. 

Now, we have that g G A(/^(p)(y) because g is an extension of h, while, by Claim 1, 
y G A^l^^iBfigo)), so f/ C A^l^^iBfigo)). Therefore, A(;,^) is l.s.c. 

Let prove the final part of Theorem 6.1. Suppose £ is a continuous selection for 
A(/^^), and let g{x) = i[x]{x) for every x E X. Clearly g is a. selection for ip. So, it 
only remains to show that g is continuous. Take a point xq G X and e > 0, and let 

U = i-\Bf^^{i[xo])) n ii[xo])-\B^^^{£[xo]ixo))). Then, xeU implies 

d{g{x),g{xo)) = d{i[x]{x), £[xo]ixo)) 

< d{i[x]{x),£[xo]ix)) +d{i[xo]{x),e[xo]{xo)) 

< d{i[x],i[xo]) + dii[xo]{x),i[xo]{xo)) 

< e/2 + e/2 = e. 

This completes the proof. □ 
Theorem BT!] may have some general interest. For instance, it implies the following 



slight generalization of a result of Hanai [|T3| , see also [jl 



Theorem 6.2. Let X be a space, Y be a paracompact space, and f : X ^ Y be 
a continuous closed surjection such that each f~^{y), y E Y , is paracompact and 
P-embedded in X . Then, X is paracompact too. 

Proof. Take an l.s.c. mapping : X —>■ Tc{E) for some Banach space {E,d). By 



T7| , Theorem 3.2"], it suffices to show that (p has a continuous selection. Consider 
the l.s.c. mapping A(j<^) : Y — > J^c{C{X,E)), where C{X,E) is endowed with the 
uniform topology generated by the distance d. In fact, the same topology on C{X, E) 
is generated by the metric di on C{X, E) defined by di{g, h) = min{l, d{g, h)}, see 
the beginning of the section. Since {C{X,E),di) is a Frechet space, A(j,^) has a 



continuous selection [O (see, also, P3)- Hence, Theorem completes the proof. □ 
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Finally, we provide an alternative proof of the dimension- lowering mapping theo- 
rem, see [O for the proof and history of this theorem. 



Theorem 6.3. If f : X Y is a closed continuous mapping of a normal space X to 
a paracompact space Y and there exists an integer k > such that dim{f~^{y)) < k 
for every y &Y, then dim(X) < dim(y) + k. 

Proof. We may assume that X is paracompact. Indeed, we may consider the Cech- 
Stone extension jSf : (3X — > (3Y. Then, by Theorem 3.2, H = {i3f)~^{Y) is a 



paracompact space, while / = j3f\H is a perfect map such that f~^{y) = f~^{y) for 
every y &Y. Since X is normal, we have that P{f~^{y)) = f^^{y), so dim(/~^(?/)) < k 
for every y eY . Finally, I3H = j3X implies that dim(iJ) = dim(X). 

Thus, let X and Y be paracompact, and let / : X — 5> F be a closed continuous 
surjection as in the hypothesis. Also, suppose that dim(y) < m. To show that 
dim(X) < m + k, ii suffices to show that every map g: X ^m+k+i removable 
from the origin of M"'+'^+^. For a fixed go G C(X, ]R'"+^+^) and £ > 0, we define a 
set- valued mapping y9 : X — > jFc(M'^+'^+^) by ip{x) = B^{gQ{x)), x G X, where d is 
the usual Euclidean metric on Thus, by Theorem |6.1| , we may get an l.s.c. 

mapping $ = A(/,^) : Y J^^{C{X,W+''+^)). 

Now we consider the mapping F — JF(C(X, R™+'^+-'^)) defined by 

vl>(y) = {ge C(X,M'"+'=+i) : ^ G gir\y))}, V ^ Y. 

It is a routine verification that the graph of \1/ is closed. Let us show that ^(y) H $(?/) 
is a Zm-set in $(?/) for every y & Y. Take a fixed point y ^ Y and a continuous 
map u: B"* ^{u)- We are going to prove that for every 6 > there exists a 
continuous map v: B"^ —>■ which is 5-close to u and avoids the set Observe 
that u generates a continuous map p: B™ x X — > M™'+'^+-^, p[z, x) = u[z]{x), such that 
p{z,x) G V2(x) for every x G f~\y) and z G B™. Define 0: B'"x/-i(?/) ^ J^^{W+''+'^) 
by 0(2;, x) = B'^^^{p{z,x)) n V5(x), (z, x) G B™ x f^^{y). Since t9 is a Z^+fc-set in each 
(y9(x) (as a Zm+fc-set in it is a Z^+fc-set in x) for any (2;, x) G B™ x f^^iy) 

(see |T^ , Lemma 2.3]). Moreover, is an l.s.c. and dim(B™ x f^^{y)) < m + k. 
Hence, by Theorem |1.2| , has a continuous selection q: B™ x f^^{y) — > 
avoiding -(9. In particular, we get that q{z,x) G (p{x) for every x G f~^{y) and 
z G B*", while d(g, plB"^ x f'^{y)) < 5/2. So, we may extend g to a continuous map 
q : B*" X X — s> IR^+'^+i such that d{q,p) < 6. Then q determines a continuous map 
y. jm _^ (^(X, with f[z](x) = q{z,x). This f is as required. 

We now finish the proof as follows. By Theorem |1.2| , $ has a continuous selection 
i:Y^ C(X,R"+'=+i) such that i{y) G $(?/)\^(?/) for every y eY. Then the map 
g: X ^ M'"+*'+^, (y((x) = £[/(x)](x), is e-close to go and avoids □ 
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